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ABSTRACT
We compute N -point correlation functions of non-unitary (2k−1, 2) minimal
matter coupled to 2D quantum gravity on a sphere using the continuum Liou-
ville field approach. A gravitational dressing of the matter primary field with the
minimum conformal weight is used as the cosmological operator. Our results are
in agreement with the correlation functions of the one-matrix model at the k-th
critical point.
Recent remarkable progress of 2D quantum gravity has been made by the
matrix model approach.
[1,2]
Matrix models provided us important and interesting
understanding of non-perturbative aspects of 2D quantum gravity. Another ap-
proach called the Liouville approach
[3,4]
uses a continuum field theory and also has
been extensively studied.
[5−12]
From the view point of the Liouville approach, it is
important to compute correlation functions in order to study the non-trivial Liou-
ville dynamics and in order to understand the precise connection with the matrix
models. By using a free field approach and an analytic continuation procedure,
N -point correlation functions for general N without the screening charges in c ≤ 1
conformal matters coupled to 2D gravity have been computed and analyzed in Refs.
10−12. They can be interpreted as scattering amplitudes of critical string theories
in 2D target space with non-trivial background fields. In the case of c < 1 minimal
matters
[13,14]
which require the screening charges, three-point functions have been
computed.
[6,11]
The results in unitary minimal matters were found to be consistent
with the matrix model results.
In the Liouville approach, correlation functions of non-unitary minimal mat-
ters are not sufficiently understood so far. By comparing the gravitational di-
mensions
[3,4]
of physical operators in the Liouville approach and the matrix model
approach, one finds that a gravitational dressing of the matter primary field with
the minimum conformal weight should be used as the cosmological operator.
[5,9]
For unitary matters the cosmological operator is the ordinary one depending only
on the Liouville field since the matter minimum weight primary field is the iden-
tity operator. On the other hand, for non-unitary minimal matters one must use
a modified cosmological operator which depends on both of the matter and the
Liouville fields.
In Ref. 15 three-point functions of non-unitary (2k−1, 2) minimal matter [13] were
computed. However, two kinds of gravitational dressings of the matter identity
operator were used as cosmological operators as in Ref. 8. It is not clear to us
whether such a method is appropriate to non-unitary matters.
The purpose of this letter is to compute N -point functions of the non-unitary
(2k−1, 2) minimal matter coupled to 2D gravity on a sphere. They are obtained in
the Liouville approach using the action with the modified cosmological operator.
We use a similar technique as that used in Ref. 11 to compute N -point functions
without screening charges. Our results are in agreement with the correlation func-
tions of the one-matrix models at the k-th critical point,
[2]
which are believed to
represent the (2k−1, 2) minimal matter coupled to 2D gravity.
Recently, we received a preprint by Govindarajan et al.,
[16]
in which N -point
functions of the (2k−1, 2) matter were obtained using different method from ours.
They used algebraic properties of the BRST cohomology of the theory. Our results
are also consistent with theirs.
We now consider the non-unitary (2k−1, 2) minimal matter [13] coupled to 2D
quantum gravity. The matter conformal field theory has the central charge
2
c = 1− 12α20 , (1)
with
α0 = −1
2
α+ +
1
2
α− , α+ = − 2√
2k − 1 , α− = −
√
2k − 1 . (2)
After conformal gauge fixing, the system is described by the matter field X and
the Liouville field φ with the action
[4,14]
S[gˆ, φ,X ] =
1
8pi
∫
d2z
√
gˆ
(
gˆαβ∂αφ∂βφ−QRˆφ
)
+
µ
pi
Om
+
1
8pi
∫
d2z
√
gˆ
(
gˆαβ∂αX∂βX + 2iα0RˆX
)
+O+ +O− ,
(3)
where Rˆ is the scalar curvature on a sphere with a fixed reference metric gˆαβ and µ
is the cosmological constant. The operators O± =
∫
d2z
√
gˆ e∓iα±X are the matter
screening charges and the operator Om is the cosmological operator, which will be
defined later. The parameter Q is given by
[4]
Q = −α+ − α− . (4)
For each matter primary field Ψh = e
ipX , which has a conformal weight h =
1
2p
2 − α0p, there exists a physical operator [4,5]
O
(±)
p =
∫
d2z
√
gˆ eβ
(±)φ+ ipX ,
β(±)(p) = −Q
2
+ |p− α0| =
{
p+ α+ · · · for p ≥ α0
−p + α− · · · for p < α0 .
(5)
For the (2k−1, 2) matter the momentum p of matter primary fields takes discrete
values
[13,14]
parametrized by an integer t
p =
{
pt =
1
2(t− 1)α+ ≥ α0
pt = α− − 12(t+ 1)α+ < α0
(1 ≤ t ≤ k − 1) . (6)
Operators O
(+)
pt and O
(−)
pt
have the same matter conformal weight and represent
the same operator of the minimal matter. The corresponding Liouville momenta
are β(+)(pt) = β
(−)(pt) =
1
2(t + 1)α+ . The cosmological operator Om in Eq. (3)
is
[5,9]
3
Om =
∫
d2z
√
gˆ eβmφΨhm , (7)
where Ψhm (= e
ipmX or ei pmX) is a matter primary field with the minimum con-
formal weight hm. It has a momentum pm = pt=k−1 or pm = pt=k−1 in Eq. (6)
and βm (= β
(+)
m = β
(−)
m ) in Eq. (5). The cosmological operator Om is one of the
physical operators in the theory.
We consider the N -point functions of the operators (5) with momenta (6) on a
sphere. As in Refs. 6, 11, we first integrate the Liouville zero mode φ0 (φ = φ0+ φ˜)
and define sm by
N∑
i=1
β
(+)
i + smβm = −Q . (8)
Eq. (8) can be regarded as the conservation of the Liouville momentum. Next,
we shall integrate the matter zero mode X0 (X = X0 + X˜). Note that a factor(∫
d2z
√
gˆ eβmφ˜Ψhm
)sm
resulting from the φ0 integration contributes to the matter
zero mode integration. In order to simplify the matter momentum conservation
and to symmetrize our final results under permutations of (t1, t2, · · · , tN ), without
loosing generality we can use sm−1 eipmX ’s and one ei pmX for sm Ψhm ’s. These two
types of operators represent the same operator Ψhm . Then the matter momentum
conservation can be satisfied by inserting n screening charges O+ and no O−
[
N∑
i=1
pi + (sm−1)pm + pm
]
− nα+ = −α+ + α− . (9)
Thus we obtain the result after the zero mode X0, φ0 integrations
〈
O
(+)
1 · · ·O(+)N
〉
= 2piδ
(
N∑
i=1
pi + (sm−1)pm + pm + (1− n)α+ − α−
)
Γ(−sm)
|βm|
(µ
pi
)sm
×
〈
O˜
(+)
1 (0) O˜
(+)
2 (∞) O˜(+)3 (1) O˜(+)4 · · · O˜(+)N
[(
O˜
(+)
m
)sm−1
O˜
(−)
m
]
1
n!
(
O˜+
)n〉
,
(10)
where we have used shorthand notations O˜i(z) = e
βiφ˜+ ipiX˜ , O˜i =
∫
d2z
√
gˆ O˜i(z)
etc. and fixed SL(2,C) gauge symmetry by setting z1 = 0, z2 = ∞, z3 = 1. The
non-zero mode φ˜, X˜ expectation value on the right hand side of Eq. (10) is defined
by using the free field action.
4
To evaluate the non-zero mode expectation value in Eq. (10), let us consider
more general cases
〈
O˜
(+)
1 (0) O˜
(+)
2 (∞) O˜(+)3 (1) O˜(+)4 · · · O˜(+)M−1O˜
(−)
M
(
O˜c
)s 1
n!
(
O˜+
)n〉
, (11)
where Oc =
∫
d2z
√
gˆ eα+φ is a physical operator O
(+)
p=0 in Eq. (5). The matter
momentum conservation and the definition of s are
M∑
i=1
pi − nα+ = −α+ + α− ,
M∑
i=1
βi + sα+ = −Q . (12)
The expectation value in Eq. (10) corresponds to s=0, M =N+sm and pi = pm
(i=N+1, · · · , N+sm−1), pi=N+sm=pm . Eq. (11) for M=3 was evaluated in Ref.
11 (see also Ref. 6) using the techniques of analytic continuations in the momenta
and the matter central charge. The non-zero mode integration is performed by
tuning the momenta p1, p2, p3 and the matter central charge c so that s and n are
non-negative integers. The expectation value with desired values of the momenta
and the central charge is then obtained by an analytic continuation. In this way
the three-point function was obtained as
[11]
〈
O˜
(+)
1 (0) O˜
(+)
2 (∞) O˜(−)3 (1)
(
O˜c
)s 1
n!
(
O˜+
)n〉
= pis+n
Γ(s+ 1)[
Γ(s+ n + 1)
]2 [∆(−ρ)]s [∆(ρ)]n
2∏
i=1
∆(mi) ,
(13)
where
ρ = −1
2
α2+ , mi = m(pi) =
1
2
β2i −
1
2
p2i , ∆(x) =
Γ(x)
Γ(1− x) . (14)
In Ref. 11 M-point functions (11) for general M without screening charge n= 0
were also obtained. It was pointed out that the matter screening charges should
not be treated on the equal footing as physical operators (5). For example, using
the analytic continuation procedure, the expectation value (11) for M =3 with n
screening charges can not be obtained from that of M = 3+n with no screening
charge.
We shall now obtain the four-point function. We closely follow the procedure
of Ref. 11 to derive four-point functions from three-point functions when there is
no screening charge. From the kinematical constraints (12) mi satisfy
5
3∑
i=1
mi = (s− n)ρ+ 1 , m4 = −s− n− 1 , (15)
and we can take m1 and m3 as independent variables. Eq. (11) for M = 4 and
s, n ∈ Z+ becomes〈
O˜
(+)
1 (0) O˜
(+)
2 (∞) O˜(+)3 (1) O˜(−)4
(
O˜c
)s 1
n!
(
O˜+
)n〉
=
1
n!
∫
d4z4 |z4|2a1 |1− z4|2a3
×
∫ s∏
i=1
[
d2wi |wi|2b
+
1 |1− wi|2b
+
3 |z4 − wi|2c
−
] ∏
1≤i<j≤s
|wi − wj |4ρ
×
∫ n∏
i=1
[
d2ui |ui|2b
−
1 |1− ui|2b
−
3 |z4 − ui|2c
+
] ∏
1≤i<j≤n
|ui − uj|−4ρ
≡ F (m1, m3; ρ, s, n) ,
(16)
where
ai = (s+ n+ 1)mi − 1 , b±i = −mi ± ρ , c± = ±(s+ n + 1)ρ− 1 . (17)
We first consider F as a function of m1 and discuss its analyticity. From the
integral representations (16), one can see that poles in m1 arise when some of
the integration variables z4, wi, ui approach to the origin or infinity. Let us first
examine the poles arising from integration regions near the origin. The positions of
these poles are independent of m3. Therefore we can find them by setting p3 = 0,
which reduces (16) to the three point function (13) with s→ s+1 for the operators
O˜1, O˜2 and O˜4. Thus, from Eq. (13) we find that the poles arise only when O˜4
approaches to O˜1 (z4 → 0) and their positions are m1 = 0,−1,−2, · · ·. Next we
shall examine the poles arising from integration regions near infinity. They can be
naturally understood in terms of m2 = −m1−m3+(s−n)ρ+1 . By changing the
integration variables z (=z4, wi, ui)→ 1/z, we find that these poles arise when O˜4
approaches to O˜2 and their positions are m2 = 0,−1,−2 · · ·. By similar arguments
we find that poles in m3 arise at m3 = 0,−1,−2 · · ·. There is no other singularity
in Eq. (16).
Let us consider the quantity
f(m1, m3; ρ, s, n) =
F (m1, m3; ρ, s, n)
∆(m1)∆(m2)∆(m3)
. (18)
We can show that f(m1, m3; ρ, s, n) is independent of m1 and m3 as follows.
[11]
Changing the integration variables z′ (= z′4, w
′
i, u
′
i) = m1 ln z in Eq. (16), we find
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that F ∼ |m1|−2m3+2(s−n)ρ for large |m1| and therefore f is a constant for |m1| →
∞. The singularities of F in m1 are canceled by those of ∆(mi). Furthermore, it
can be shown in the same way as in Ref. 11 that F vanishes at m1 = 1, 2, 3, · · ·,
which are zeros of the denominator in Eq. (18). Thus we find that f is an analytic
function on the whole complex m1-plane including a point at infinity. Therefore
it must be a constant independent of m1. Similarly f is shown to be independent
of m3. The explicit form of f(ρ, s, n) is obtained as follows. If we put one of the
momenta to zero in Eq. (16), it is reduced to a three-point function with s+1 O˜c’s.
By comparing with Eq. (13), we obtain
f(ρ, s, n) = pis+n+1
Γ(s+ 2)[
Γ(s+ n + 2)
]2 [∆(−ρ)]s [∆(ρ)]n . (19)
From Eqs. (18) and (19) we obtain
〈
O˜
(+)
1 (0) O˜
(+)
2 (∞) O˜(+)3 (1) O˜(−)4
(
O˜c
)s 1
n!
(
O˜+
)n〉
= f(ρ, s, n)
3∏
i=1
∆(mi) . (20)
We can easily generalize above arguments to M-point (M≥5) functions. The
variables mi satisfy
M−1∑
i=1
mi = (s− n)ρ+ 1 , mM = −s− n−M + 3 . (21)
The analyticity in mi and comparison with lower point functions give the result
⋆
〈
O˜
(+)
1 (0) O˜
(+)
2 (∞) O˜(+)3 (1) O˜(+)4 · · · O˜(+)M−1O˜
(−)
M
(
O˜c
)s 1
n!
(
O˜+
)n〉
= pis+n+M−3
Γ(s+M − 2)[
Γ(s+ n+M − 2) ]2
[
∆(−ρ)]s[∆(ρ)]n M−1∏
i=1
∆(mi) .
(22)
Let us now obtain the non-zero mode expectation values in Eq. (10) using the
above results. By setting s=0, M=N+sm and pi=pm (i=N+1, · · · , N+sm−1),
pi=N+sm=pm in Eq. (22), we obtain
⋆ This result is also useful for unitary minimal matters coupled to 2D gravity, in which the
cosmological operator is Oc.
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〈
O˜
(+)
1 (0) O˜
(+)
2 (∞) O˜(+)3 (1) O˜(+)4 · · · O˜(+)N
[(
O˜
(+)
m
)sm−1
O˜
(−)
m
]
1
n!
(
O˜+
)n〉
= pism+n+N−3
Γ(sm +N − 2)[
Γ(sm + n+N − 2)
]2 [∆(ρ)]n[∆(mm)]sm−1
N∏
i=1
∆(mi) ,
(23)
where mm =
1
2β
2
m − 12p2m . The result (23) obtained for non-negative integers sm
is now analytically continued to a desired value of sm. Therefore, by Eq. (23) we
find that the N -point function (10) becomes
〈
O
(+)
1 · · ·O(+)N
〉
= 2piδ
(
N∑
i=1
pi + (sm−1)pm + pm + (1− n)α+ − α−
)
× µ
sm
|βm|
Γ(sm +N − 2)
Γ(sm + 1)
(−pi)n+N−3[∆(ρ)]n
× [∆(mm)]sm−1∆(−sm − n−N + 3)
N∏
i=1
∆(mi) .
(24)
From Eqs. (8) and (9) we obtain
sm =
1
k
(
2k + 1−N −
N∑
i=1
ti
)
, n = −sm −N + 5
2
, (25)
where ti is parameters for momenta pi in Eq. (6). The parameters defined in Eq.
(14) take the values
ρ = − 2
2k − 1 , mi =
2ti
2k − 1 , mm =
2k − 2
2k − 1 . (26)
Substituting Eqs. (25) and (26) into Eq. (24) we obtain the final result of the
N -point function.
Let us compare this result with that of the matrix model approach. The
normalizations of the partition function and the physical operators may be different
in two approaches. We rescale the partition function and renormalize the operators
and the cosmological constant by finite real factors as
8
Z → −[pi(1− 2k)]− 12 [∆(2k + 1
2k − 1
)] 5
2
∆
(
2k − 2
2k − 1
)
Z ,
O
(+)
pti
= ∆
(
2k + 1
2k − 1
)
∆
(
2ti
2k − 1
)
Oli ( li ≡ k − 1− ti ) ,
µ = −pi∆
(
− 2
2k − 1
)
∆
(
1
2k − 1
)
µr ,
(27)
and obtain
〈Ol1 · · ·OlN 〉 = −
1
k
Γ
[(∑N
i=1 li + 1
)
/k
]
Γ
[(∑N
i=1 li + 1− (N − 3)k
)
/k
] µr[∑Ni=1 li+1−(N−2)k]/k .
(28)
The integer parameters li take values 0, 1, · · · , k−2 . This result is in agreement
with the correlation functions of the one-matrix model at the k-th critical point.
[2]⋆
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⋆ There are misprints in the formula for the correlation functions (Eq. (4.19)) given in the
first paper of Ref. 2.
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